International Journal of
Information Technology,

| e e Research and Applications
<R (IJITRA)

Dr. Christodoss Prasanna Ranjith| Dr. Justus Selwyn

INTERNATIONAL JOURNAL OF
INFORMATION TECHNOLOGY, RESEARCH AND
APPLICATIONS ;.

Sanal.Kumar, Jithin.Mathew (2023). Domination Polynomials of Unidirectional Star
Graphs. International Journal of Information Technology, Research and
Applications, Vol 2 (Special Issue), 12-16.

ISSN: 2583 5343

DOI: 10.59461/ijitra.v2i3.67

The online version of this article can be found at:
https://www.ijitra.com/index.php/ijitra/issue/archive

Published by:
PRISMA Publications

IJITRA is an Open Access publication. It may be read, copied, and distributed free of charge according to the
conditions of the Creative Commons Attribution 4.0 International license.

International Journal of Information Technology, Research and Applications (IJITRA) is a journal that
publishes articles which contribute new theoretical results in all the areas of Computer Science,
Communication Network and Information Technology. Research paper and articles on Big Data, Machine
Learning, 10T, Blockchain, Network Security, Optical Integrated Circuits, and Artificial Intelligence are in
prime position.

PRISMA

PUBLICATIONS

https://www.prismapublications.com/

Domination Polynomials of Unidirectional Star Graphs

Journal homepage: https://ijitra.com



ISSN: 2583 5343 Int. J. of IT, Res. & App, Vol. 2 (Special Issue), June 2023: 12-16

Domination Polynomials of Unidirectional Star Graphs
Sanal Kumar!, Jithin Mathew”
1.2 Department of Information Technology, Lecturer in Math Section,
University of Technology and Applied Sciences-Ibri, SULTANATE OF OMAN

Article Info ABSTRACT
. . Let G be a finite directed graph without isolated node. The domination
Article history: . . 4] Nedl N
polynomial of G is defined by D(G,x) = Zizy(G) d(G,i)x" where d(G,1) is
From the proceedings of 3rd the cardinality of the set of dominating sets of G with i nodes. In this paper,

Symposium  on  Information we study the domination polynomial of unidirectional star graphs.
Technology ~ and  Applied .

Mathematics —SITAM 2022,

24th May 2022.

Host: University of Technology

and Applied Sciences, Shinas,

Sultanate of Oman.

Keywords:

Dominating set, Domination
polynomial, Digraph,
Unidirectional Star Graph

This is an open access article under the CC BY-SA license.

©0

Corresponding Author:

Sanal Kumar

Lecturer in Math Section,

Department of Information Technology,

University of Technology and Applied Sciences-Ibri
SULTANATE OF OMAN

E Mail : sanal. kumar@jibrict.edu.om

I. INTRODUCTION
A directed graph (digraph) is a pair G = (V,A), where V isaset ofnodesand A S V X V is aset
of arcs, i.e., ordered pairs of nodes. We say that node u dominates node v (or node v is dominated by node
u) ifarc (u,v) is in G. Arc (u, v) is denoted as u — v graphically. In digraph G, the in-degree of node v is
the number of arcs directed into v. The out-degree of node u is the number of arcs going out of u.

II. INDOMINATING SETS AND OUT-DOMINATING SETS

In digraph G = (V, A), a set of nodes D € V is a dominating set of G if eachnode v € V — D is

dominated by at least a node in D. A minimal dominating set D,, is a dominating set with no proper subset
of D,,, as a dominating set. A minimum dominating set D,, is a dominating set of minimum cardinality. The
cardinality of a minimum dominating set is called the domination number of G and is denoted by y(G).
Let G = (V,E) be a directed graph( digraph) with the set of nodes V(G) and the set of arcs E(G) such that
each arc (u, v)e E(G) is directed and u is said to be a predecessor of v, v is a successor of u, and u dominates
v. Assume that G contains no loops or multiple arcs. For any node v € V, the open in-neighborhood of v is
the set N"(v) = {u € V:(u,v) € E} and the closed in-neighborhood of v is the set N"[v] = N~ (v) U
{v}. For a subset S € V, the open in-neighborhood of S is N7(S) = U,es N~ (v), and the closed in-
neighborhood of S is N7[S] = U,es N [v]. Analogously, for any node v, we define the open out-
neighborhood of v is the set N*(v) = {u € V:(v,u) € E} and the closed out-neighborhood of v is the set
N*[v] = N*(v) U {v}. ForasetS < V, the open out-neighborhood of S is N*(S) = U,es N (v)and the
closed out-neighborhood of S is N*[v] = N*(v) U {v}.
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A subset S € V is an in-dominating set of G, if N™[S] = V, that is, every node in V is dominated by least
one node in S. The in-domination number y ~(G) is the minimum cardinality of an in-dominating set in G. A
subset S € V is a out-dominating set of G, if N* [S] = V, or equivalently, every node in V is dominated by
at least one node in S. The out-domination number y*(G) is the minimum cardinality of an out-dominating
setin G.

III. INDOMINATION POLYNOMIAL AND OUT DOMINATION POLYNOMIAL

Definition 3.1
Let d™ (G, i) be the cardinality of the in-dominating sets of size i, and let d* (G, i) be the cardinality of the
out-dominating sets of size i of a digraph G. Then the in-domination polynomial D~(G, x) and the out-

domination polynomial D* (G, x) of G are defined as follows:
n

D~(G,x) = Z d~(G, D),
i=y=(G)
n

D*(G,x) = Z d* (G, i)x' .
i=y*(6)
Example 3.2
Consider the below digraph.

The only out-dominating set of cardinality 1is {b}. So,d*(G,1) = 1. Since out-dominating sets of
cardinality 2 are {a,b},{b,c}, and {b,d}, d*(G,2) = 3. The out-dominating sets of cardinality 3 are
{a,b,c},{a,b,d}, and {b,c,d}. Sod*(G,3) =3. The only out-dominating set of cardinality 4 is
{a,b,c,d}. ~ d(G,4) = 1.
Thus, the out-domination polynomial D* (G, x) is given by

D*(G,x) = x +3x2? + 3x3 + x*
There are no in-dominating sets of cardinalities 1 and 2. The in-dominating sets of cardinality 3 are
{a,c,d}, and {b,c,d}. ~ d~(G,3) = 2. The only in-dominating set of cardinality 4 is {a, b, c,d }.
~d(G,4)=1.
Thus, the in-domination polynomial D~ (G, x) is given by

D= (G,x) = 2x3 + x*

IV. IN-DOMINATION POLYNOMIALS AND OUT-DOMINATION POLYNOMIALS OF
UNIDIRECTIONAL STAR

Lemma 4.1

The out-domination and in-dominations polynomials of unidirectional star graph with n + 1 nodes and n
arcs, n nodes of in-degree 1 and out-degree 0 are x(1 + x)™ and x™(1 + x) respectively.

Proof:
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Let S; denotes the directed graph with n + 1 nodes and n arcs, n nodes of in-degree 1 and out-degree 0 .
The singleton set containing the nucleus node out-dominates all other nodes of S;fand no other set of
cardinality 1 does the same. Therefore, the number of out-dominating sets of cardinality 1 is 1. Any set of
cardinality 2 out-dominates S;' if and only if one of the nodes is the nucleus node. The number of such sets
is n. Therefore, the number of out-dominating sets of cardinality 2 is n = nC;. Similarly, any set of
cardinality 3 out-dominates S;' if and only if one of the nodes is the nucleus node. The number of such sets
is nC,. Therefore, the number of out-dominating sets of cardinality 3 is nC,. Thus we can conclude that the
number of out-dominating sets of cardinality r is nC,_;. Clearly the number of out-dominating sets of
cardinality n + 1 is 1.
Hence the out-domination polynomial of S,/ is given by,
D¥(S;F,x) = x +nCyx? + nCyx3 + --- + nCpx™*1

= x(1 + nCyx + nCyx? + -+ + nC,x")
=x(1+x)"
Any set of cardinality less than n does not in-dominate S;. The set of all n non-nucleus nodes clearly in-
dominates S;'. Therefore, the number of in-dominating sets of cardinality n is 1. Moreover, the set of all
nodes of S; trivially in-dominates S, and the number of in-dominating sets of cardinality n + 1 is 1. Hence
the in-domination polynomial of S;' is given by,
D=(S},x) = x™ + x™1 = x"(1 + x).

Lemma 4.2

The out-domination and in-dominations polynomials of unidirectional star graph with n + 1 nodes and n
arcs, n nodes of out-degree 1 and in-degree 0 are x™(1 + x) and x(1 + x)™ respectively.

Proof:

Let S, denotes the directed graph with n + 1 nodes and n arcs, n nodes of out-degree 1 and in-degree 0.
Any set of cardinality less than n does not out-dominate S,;. The set of all n non-nucleus nodes clearly out-

dominates S,,. Therefore, the number of out-dominating sets of cardinality n is 1. Moreover, the set of all
nodes of S, trivially out-dominates S,; and the number of out-dominating sets of cardinality n + 1 is 1.

Hence the out-domination polynomial of S;; is given by,
D¥(S;,x) = x™+ x™1 = x"(1 + x)

The singleton set containing the nucleus node in-dominates all other nodes of S,; and no other set of cardinality
1 does the same. Therefore, the number of in-dominating sets of cardinality 1 is 1.
Any set of cardinality 2 in-dominates S,; if and only if one of the nodes is the nucleus node. The number of
such sets is n. Therefore, the number of in-dominating sets of cardinality 2 is n = nC;. Similarly, any set of
cardinality 3 in-dominates S, if and only if one of the nodes is the nucleus node. The number of such sets is
nC,. Therefore, the number of in-dominating sets of cardinality 3 is nC,. Thus, we can conclude that the
number of in-dominating sets of cardinality r is nC,_;. Clearly the number of in-dominating sets of
cardinality n + 1 is 1.
Hence the in-domination polynomial of S,; is given by,

D=(S;,x) = x +nCyx? + nCyx3 + --- + nCpx™*1

= x(1 + nCyx + nCyx% + - + nC,x™)
=x(1+x)"
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Remark 4.3
1. The out-domination polynomial of S;; and in-domination polynomial of S,; are the
same.
2. The out-domination polynomial of S;; and in-domination polynomial of S,; are the
same.

Theorem 4.4

The out-domination polynomial and the in-domination polynomial of a directed star graph withn +m + 1
nodes, n + m arcs, n nodes of out-degree 1 and in-degree 0, and m nodes of in-degree 1 and out-degree 0
are x™*1(1 + x)™ and x™*1(1 + x)™ respectively.

Proof:

Let S, ., denotes the directed graph with n +m + 1 nodes, n + m arcs, n nodes of out-degree 1 and in-
degree 0, and m nodes of in-degree 1 and out-degree 0.

The set of n nodes of out-degree 1 together with the nucleus node out-dominates S,, ,,,. Any set of nodes with
a lesser cardinality does not out-dominate S,, ,,, and such an out-dominating set is unique and its cardinality
is n + 1. The above mentioned set along with any one of the remaining m nodes clearly out-dominates S, ,,,
and hence there are mC, different sets of cardinality n + 2. By a similar argument, there are mC, different
out-dominating sets of cardinality n + 3 and so on. Finally, there is only one out-dominating set of cardinality
n+m+1.

Thus the out-domination polynomial of S,, ,,, is given by,

D+(Sn,m,x) = x™1 + mCyx™?2 + mCyx™*3 + -+« + mC,, x"tm*1
= x""1(1 + mC;x + mCyx2 + --- + mC,,x™)
= x"1(1 + x)™

The set of m nodes of in-degree 1 together with the nucleus node in-dominates S, ,,,. Any set of nodes with a
lesser cardinality does not in-dominate S, ,, and such an in-dominating set is unique and its cardinality is
m + 1. The above mentioned set along with any one of the remaining n nodes clearly in-dominates S,, ,,, and
hence there are nC; = n different sets of cardinality m + 2. By a similar argument, there are nC, different
in-dominating sets of cardinality m + 3 and so on. Finally, there are nC,, = 1 in-dominating set of cardinality
m+n+1.

Thus the in-domination polynomial of S,, ,,, is given by,

D™ (Spm, x) = x™* + nCyx™+2 4+ nCyx™*3 + -+ + nCx™Hl
= x™*1(1 + nCyx + nCyx?% + -+ + nC,x™)
= x™M1(1 + x)"
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V. CONCLUSION

In this paper, the authors have derived the domination polynomials of directed star graphs. Presently,

the authors are working on the same concept with the different operations of star graphs.
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